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Abstract 

Consider the infinite dimensional hyperbolic dynamical system pro- 
vided by the (forward) heat semiflow on the loop space of a closed Rie- 
mannian manifold M. We use the recently discovered backward A-lemma 
and elements of Conley theory to construct a Morse filtration of the loop 
space whose cellular filtration complex represents the Morse complex as- 
sociated to the downward L 2 -gradient of the classical action functional. 
This paper is a survey. Proofs and more details will be given in [6]. 
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1 Introduction 

Consider a closed smooth manifold M of dimension n > 1 equipped with a Rie- 
mannian metric M and the Levi-Civita connection V. Pick a smooth function 
V : S 1 xM and set V t (q) := V(t, q). Here and throughout we identify S 1 = K/Z. 
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For smooth maps M x S 1 — > M : (s, t) ^ u(s, t) consider the heat equation 
d s u-V t d t u-VV t (u) = 0. (1) 
It corresponds to the downward L 2 -gradient equation of the action given by 

Sv(x)= J Q|i(t)| 2 -V(t,x(t)))dt 

for any element x : S 1 — >• M of the free loop space AM := W 1 ' 2 (S 1 ,M) con- 
sisting of absolutely continuous loops in M. Consider the solutions x G AM of 
the ODE — Vi± — VVi(x) = 0, that is the set of (perturbed) closed geodesies. 
These are the critical points of Sy, because — \7 t x — W t (x) = gradtSy (x) where 
grad denotes the L 2 -gradient. Throughout this paper we fix a regular value a 
of Sy and assume that the Morse-Smale condition holds true below level a. 
Consider the sublevel set A a M := {Sy < a}. In this case the action is a Morse 
function on A a M and the set of solutions to (1) that converge to critical points 
x ± g A a M, as s ^ ±oo, carries the structure of a smooth manifold whose 
dimension is given by the Morse index difference indy(x) — indy(y). Consider 
the set Critfc of critical points of Sy in A a M whose Morse index is k. Due to 
the imposed bound a the set Crit of all critical points in A a M is finite. For each 
x G Crit pick an orientation of the largest subspacc E x of the Hilbert space 

X := T X AM = W 1 ' 2 (S 1 ,x*TM) 

on which the Hessian of Sy at x is negative definite. (The dimension of E x is 
finite and called the Morse index of x.) 

Heat Flow homology [4] 

By definition the Morse chain groups CM^ = CMfc(A a M, —gradSy) are the free 
abelian groups generated by the (perturbed) closed geodesies x of Morse index 
k and below level a, that is Z Crltfc . Set CMk — {0} in case of the empty set. 
The chosen orientations provide a so-called characteristic sign n u G {±1} for 
each heat flow solution u of (1) between critical points of index difference one. 
Up to shift in the time variable s, there are only finitely many such u. Counting 
them with signs n u provides the Morse boundary operator dk '■ CM^ — > CMfe_i. 
By HM/j we denote the corresponding homology groups. 

Main result: The natural isomorphism to singular homology [6] 

The idea to use cellular nitrations to calculate Morse homology goes back at 
least to Milnor [3]. One needs to construct a cellular filtration T of A a M whose 
cellular filtration complex (C* T, 9*) precisely represents the Morse complex, up 
to natural identification. In this case we are done, namely 

HM fc = ((CJ 7 , <9„)) ~ H*(A a M) (2) 

where the identity takes place already on the chain level and the natural isomor- 
phism ~ is provided by algebraic topology for any cellular filtration; see e.g. [2]. 
Here and throughout homology is understood with integer coefficients. 
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2 Morse filtrations and Conley pairs 



Definition 2.1 (Cellular nitration and homology). Assume T — (Fq C Fl C 
••• C F na ) is a nested sequence of open subsets of A a M such that relative 
singular homology H((Fk, -Ffe-i) is trivial whenever i^k. Set F_i := 0. Then 
T is (a special case of) a cellular filtration of A a M. For the algebraic topology 
used in this section we refer to [2] . The cellular chain complex consists of the 
cellular chain groups CfcF '■= Hfc(Ffc, F^-i) together with the triple boundary 
operator dk ■ Hfc(Ffc, Fk-\) — > Hk-i{Fk-i, Fk-2)- A cellular filtration T is 
called Morse filtration, if in addition Hk{Fk, i*fc-i) is the free abelian group 
CMfe generated by the critical points of Morse index k, that is C^F = CM^. 

Remark 2.2. To prove (2) we need the construct a Morse filtration F for A a M 
and show that its cellular boundary operator acts by counting heat flow lines 
with their characteristic signs. Comparison of boundary operators carries over 
from flows, cf. [3] or [1, thm. 2.11], since our unstable manifolds are of finite 
dimension and carry a genuine flow. So to prove (2) it remains to construct F ' . 

The Abbondandolo-Majer construction for flows [1] 

In their construction of a Morse filtration F' for A a M openness of the sets F' k 
follows from openness of the time-T-map and the Morse property is a conse- 
quence of forward flow invariance of the open sets F' k . One begins by setting Nq 
equal to the union of local sublevel sets of the form {Sy < Sv{xq) + s} where 
x runs through all local minima. For e > sufficiently small N is a disjoint 
union. Set Fq := Nq. Now choose a sufficiently small 1 open neighborhood N[ 
of the index one critical points which does not contain any other critical point. 
Then consider the union of Fq and the whole forward flow of A{ and call it 
F{ := Fq U ip[o >00 )N[. Similarly define F' 2 and F' Zl . . . F' na . 

A new construction for semiflows using Conley pairs [6] 

The Cauchy problem associated to the heat equation (1) for maps [0, oo) — > 
A a M : s i-> u s = u(s, •) is well posed and leads to the continuous semiflow 

ip : [0, oo) x A a M -> A a M 

called the heat flow. In fact ip is of class C 1 on (0, oo). A characteristic feature of 
the heat flow is its extremely regularizing nature, namely (p s j is C°° smooth for 
each 7 G AM and any time s > 0. Observe that the set of nonsmooth elements 
is dense 2 in AM. Hence ip s is not an open map and the Abbondandolo-Majer 
method does not work. Instead we propose the following construction. 

It is a very simple, but in this case far reaching, observation that by continuity 
of ip s preimages of open sets are open. As above define N as the union of 

1 Morse-Smale on neighborhoods: Roughly speaking, the Morse-Smale property extends to 
a small neighborhood N of Crit. Pick N[ C N. 

2 Given any 7 g AM consider the sequence exp 7 in AM where £ is any small nonsmooth 
W 1 ' 2 vector field along 7. 
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Figure 1: Morse filtration T = (0 C F Q C F 1 C • • • C F Ua = A a M) 



local sublevel sets near the local minima. Then consider an index one critical 
point x and the preimage (ipt)~ 1 Nq where T > 0. This preimage is open 
and semiflow invariant. By Morse-Smale the one-dimensional unstable manifold 
of x eventually enters 3 Ao- Consequently our preimage gets very close to x 
whenever T is very large, but for finite T it will never contain x. To get over 
the obstruction x assume we had an open neighborhood N x of x containing no 
other critical points and an open subset L x C N x whose closure does not contain 
x. Assume further that L x is semiflow invariant in N x and every element leaving 
N x under the semiflow necessarily runs through L x . The pair (N x , L x ) is called 
a Conley pair and L x is an exit set for the Conley set N x . 

Pick x € Crit and set c := <Sy(x). For e > small and r > large the sets 

N x = N? T := { 7 G K c+e M | S v { Vt1 ) >c-e} x 

(3) 

L x = L e x T := { 7 G N x | S v {v2t7) < c - e] 

are a Conley pair for x and by theorem 3.2 (d) the sets N x corresponding to 
different critical points x are disjoint. In (3) we denote by {. . .} x the path 
connected component containing x. Set Nk :— U Ke crit fc A^ and similarly for L^. 
Now set Fq := (</?Ti)~ 1 A ? o D L\ where the constant T\ is sufficiently large such 
that the inclusion holds true; see figure 1. Set 

F fe :=(< / ? T J- 1 (F fc _ 1 UA^)D£ fc+1 , k = 0, . . . , n a - 1, (4) 

where each constant Tfc is chosen sufficiently large 4 such that the inclusion holds 
true. Because there are no critical points in the complement of F ria ^i U N Ua in 
A a M, there is a constant T„ a such that F ria := (ip Tna ) _1 (N Ua U F„ a _i) = A a Af. 
Observe that each set F^ is open, because Nj. and are. Furthermore, 

although Nk is not semiflow invariant the union Nk U F^-i is, because the exit 
set Lk of Nk is contained in F^-x- Openness and semiflow invariance heavily 
enter calculation (5) in the proof of the Morse filtration property. 

3 By Palais-Smale and Morse for each 7 £ A a M the limit 700 := linis^oo ifsf exists and 
lies in Crit. If 7 S W u (x), then by Morse-Smale either 700 £ Crito or 7 = x. 

4 Here Palais-Smale, Morse-Smale on neighborhoods, and Sy being bounded below enter. 
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Figure 2: Conley pair (N X ,L X ) foliated by equal time disks (ipr) 1 T> 1 (x) 
Morse filtration property 

Constructing suitable homotopy equivalences and applying the excision axiom 
of relative homology one shows that 



Here the final step uses that Nk is a union of pairwise disjoint sets N x . So in 
order to prove that the nested sequence T consisting of the open semiflow in- 
variant sets Fk defined by (4) is a Morse filtration for A°M - thereby concluding 
the proof of (2) via remark 2.2 - it remains to show that 



for every x S Critfc. To prove the first isomorphism was precisely the problem 
which inspired us to come up with the backward A-lemma in [5] : Since the part of 
N x in the unstable manifold W u (x) is a fc-disk and the corresponding part of L x 
is homotopy equivalent to the disk boundary, it remains to deformation retract 
(N x , L x ) to its part in W u {x). A very simple, but crucial, observation is that the 
semiflow ip s deforms the ascending disk W^(x) :— W s (x)nA c+£ M — W s (x)nN x 
to x, as s —> oo. Clearly this fails on other parts of N x . Note that W^(x) is a 
C 1 graph over its tangent space denoted by, say X + . The idea is to foliate all 
of N x by copies ofW^(x), more precisely C 1 graphs over X + , and then extend 
ip s artificially to all of N x using the graph maps; see (8) and figure 4. 

To see the foliation assign to each point of N x the time T at which it hits 
the level surface {Sy = c — e}; see figure 2. This suggests that N x is foliated 
by (pieces of) the equal time hypersurfaces (ipr)~ 1 {<Sv = c — e} for T G (r, oo). 
For T = oo one obtains the codimension k = indy(a;) ascending disk W£ (x). Of 
course, the leaves of a foliation need to be of the same codimension: Consider 
the tubular neighborhood V{x) — > 5"(x) associated to the (sufficiently small) 
radius r normal bundle of the descending sphere S™(x) := W u (x)n{Sy = c — e} 
in the Hilbert manifold {Sy = c — e}. Each fiber T>^(x) is a codimension k disk. 



H«(F fcs F fc _i)~H«(2V fc ,L fc )~ Ri(N x , L x ). 



(5) 




, £ — k, 

, otherwise, 
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3 Backward A-lemma and stable foliation 



Fix x G Critfe and set c := Sv{x). Since N x = N X ' T fits into any neighborhood 
of x for e > small and r > large we use local coordinates about a; € AM. 

Local coordinates about x E AM 

Observe that paths s n> u(s) in AM near x and paths s h-> £(s) in a closed ball 
£> Po about G AT = T X AM uniquely correspond to each other via the identity 
u(s) = exp x £(s) pointwise for every t G S 1 . In the new coordinates £ the 
Cauchy problem associated to (1) turns into the equivalent Cauchy problem 

C(s)+A((s) = f(t(s)), C(0)=zeM, (7) 

for maps ( : [0, T] — > B po C X. Here A = A x is the Jacobi operator associated to 
.t. The scmiflow ip turns into a local semiflow 4> on B Pa C AT. The nondegenerate 
critical point x corresponds to the hyperbolic fixed point of 4>. Furthermore, 

X = W 1 ' 2 {S\x*TM) = T X AM ~ T x W u (x) © T x W s (x) =: X~ © X + 

where the splitting is orthogonal and X~ is of finite dimension indy(x) and 
consists of smooth loops along x. By -k± : X — > X ± we denote the associated 
(orthogonal) projections. For coordinate representatives of global objects we 
shall use the global notation omitting x, for example W u (x) becomes W u , and 
we denote Sy by S. Via a (standard) change of coordinates one achieves that 
W u C X~ locally near 0. By 23+ we denote the radius r ball about G A"+. 
The spectral gap d > is the distance between and the spectrum of A x . 

Theorem 3.1 (Backward A-lemma, [5]). Assume the local setup above with po 
being determined by the nonlinear part of (1). Pick p G (0, d) and a hypersurface 
T> C B po of the form S 1 " x . Then the following is true (see figure 3). There 
is a ball B + about G X + , constants p, T > 0, and a Lipschitz continuous map 

Q : (T , oo) x S u e xB + -^W u xB+ C B Pa 

(T, 7 ,z + )^(G^(z + ),z+) =:G%(z+) 

of class C 1 . Each map : B + — > X is bi-Lipschitz, a diffeomorphism onto its 
image, and Gj(0) = 4>-tJ ='■ It- The graph of consists of those z G B Po 
which satisfy n + z G B + and reach the fiber V 1 = {7} x B+ at time T, that is 

gT(B+) = (cbx)- 1 ^ n (x- x s+) . 

Furthermore, the graph map converges uniformly in C 1 , as T — >• 00, to the 
stable manifold graph map Q°° . More precisely, the estimates 

\\g?(z + ) g°°(z + )\\ x < e- T $, \\dgT( z+ )v\\ 2 < 2 || v || 2 , 

and 

\\de%(z + )v-dg°°(z + )v\\ 2 <e- T, i \\v\\ 2 
hold true for all T > T , 7 £ S", z + G B + , and v in the L 2 closure of X + . 
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Figure 3: Backward A-lemma 



Theorem 3.1 is based on the observation that the Cauchy problem for a heat 
flow line £ : [0, T] — » X with £(0) = z is equivalent to a mixed Cauchy problem 
with data (T, 7, z+). Namely, there is a unique heat flow line £ : [0,T] — > X 
with 7r + £(0) = z + and 7r_£(T) = 7. But this amounts to partially solving 
the heat equation in backward time on certain open sets. Previously backward 
information could only be obtained on the (fc-dimensional) unstable manifolds. 

Stable foliation of N x 

Theorem 3.1 foliates (globally meaningless) neighborhoods of x by codimension 
k disks. The next result provides global information in various directions. By 
definition the descending disk W^(x) is given by W u (x) Pi {Sv > c — e}. 

Theorem 3.2 ([6]). Given /i 6 (0,d) there are constants si, T\,r > such that 
the following is true. Assume r > T\ and e £ (0,£i) and consider the radius r 
tubular neighborhood T)(x) — > S"(x) defined in the paragraph preceding section 3. 

a) The Conley set N x — N^ T carries the structure of a codimension k folia- 
tion whose leaves are parametrized by the disk tp- T W^(x). The leaf over 
x is the ascending disk W§[x) and the other leaves are given by the disks 

N x {it) = {(¥> r )- 1 2? 7 (3:) n {S < c + e}}^ , lT ~ V~tJ, 

whenever T > r and 7 G S"(x). 

b) Leaves and semiflow are compatible in the sense that 

z e N x (j T ) =>■ ip a z g N x {<p a ^ T ) 

whenever a £ [0, T — r) . 

c) The leaves converge uniformly to the ascending disk in the sense that 

dist^i, 2 (N x (j T ), W°{x)) < e" T T 

for all T > t and 7 £ S^(x). Furthermore, if U is a S -neighborhood of 
W^(x) in AM, then N^' T * C U for some constant r*. 

d) Assume U is an open neighborhood of x in AM. Then there are constants 
£* and r* such that N^*' T * C U . 
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4 Strong deformation retracts 



Pick x € Critfc. It remains to prove (6). If k — 0, then L x — and {x} — W u (x) 
is a strong deformation retract of Wj!{x) = N x . The retraction is provided by 
the semifiow ip s itself and we are done. Now assume k > 0. Consider the local 
setup of section 3 in which N x is denoted by N and similarly for other quantities. 
Pick po > small enough such that the only critical point in B Po is 0. 

Definition 4.1. By theorem 3.2 each z 6 N lies on a leaf N^t) for some time 
T > and some point 7 in the descending disk 5" and where jt ■— 4>-t1- The 
continuous leaf preserving map 9 : [0, 00) x N — >■ JV defined by 

:= ^TT+^^TT+Z (8) 

is called the induced semifiow on N; see figure 4. It is of class C 1 on (0, 00) x N. 

That 9 S preserves the central leaf N(0) = W£ is due to the downward L 2 - 
gradient nature of the heat equation. The proof for a general leaf N^t) turns 
out to be surprisingly complex although the idea is once more simple: Show 
that the map s M> S(9 s z) strictly decreases whenever z lies in the (topological) 
boundary of a leaf. This implies preservation of leaves as follows. Firstly, note 
that 9 is actually defined on a neighborhood of N(jt) in Q^(B + ). Secondly, the 
(topological) boundary of a leaf lies on action level c + e whereas the leaf itself 
lies strictly below that level. Thus the induced semifiow points inside along 
the boundary of each leaf - which is a disk by theorem 3.2. So 9 S preserves 
leaves, thus N and L by theorem 3.2. Moreover, it continuously deforms both 
topological spaces to their respective part in the unstable manifold and this 
concludes the proof of (6). Therefore T defined by (4) is indeed a Morse filtration 
for K a M and by remark 2.2 this establishes the desired natural isomorphism (2). 

It remains to show that 4-S(9 s z) < whenever z lies in the (topological) 
boundary of a leaf. Note that gradS is defined on loops whose regularity is at 
least W 2 ' 2 . Consider the neighborhood W := B Po Ci{S < c+s/2} of illustrated 
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Figure 4: The induced flow 9 S on N 
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Figure 5: The neighborhood W of used to define a > 



by figure 5. By Palais-Smale the constant defined by 

a := inf ||grad<S(z)|| 2 > 

ze(B P0 nw 2 - 2 )\w 

is strictly positive. A rather technical argument, see [6], involving a long calcu- 
lation which uses heavily the estimates provided by theorem 3.1 shows that for 
all e > small and t > large the following is true. If T > t and 7 € S", then 

^-S{6 s z) = dS\ 6sZ dg% +[s) n + f s (</> s g°°7r+z) 

= - (grad£|e s2 ,dC^| 2+ ( s) 7r + grad t S| ( ^ ( j) i2 
< -4a 2 

for all z £ dN(jT) and s > small. It is precisely this calculation where we 
need the extension to L 2 of the linearized graph map dQ^(z + ) in theorem 3.1. 
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